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A long long time ago...

Two ”philosophies”
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Algorithm Types

Geometry-based (Collocation) Taylor-based
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Algorithm Types II

Collocation Taylor-based

Newton-Cotes Runge-Kutta
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A few odd ideas... Extrapolation

Bulirsch-Stoer Method
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A few odd ideas... Predictor Corrector

Adams - Bashforth - Moulton - Predictor - Corrector

ref: John H. Mathews
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Predictor Corrector III
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Predictor Corrector IV
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Structure Preserving Algorithms I

Hamiltonian Mechanics I

H(q, p, t) = T (q, p, t) + U(q, p, t)

q̇ = ∂H(q,p,t)
∂p ṗ = −∂H(q,p,t)

∂q
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Structure Preserving Algorithms II

Neat...

dH
dt = ∂H

∂t

∂H
∂t = 0→ dH

dt = 0→ H = const
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Structure Preserving Algorithms III

Hamiltonian Mechanics II

~z =
(
~q
~p

)

~̇z = J · ~∇H(~z)
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Structure Preserving Algorithms IV

Example: Symplectic Euler-Cromer

pn+1 = pn − h∂H
∂q |pn+1,qn

qn+1 = qn + h∂H
∂p |pn+1,qn

Numerical IntegrationODEs II (S. Eggl) 14



Numerical
Integration

ODEs II

S. Eggl

Ordinary
Differential
Equations II

A few odd
ideas...

Sympl...
Symplecti...
Symplectic
what? -
Structure
Preserving
Algorithms

What really
happens...

Structure Preserving Algorithms V

H(q, p) = p2

2 + k q2

2

Example: Symplectic Euler-Cromer for the Harmonic Oscillator

pn+1 = pn − h · k · qn

qn+1 = qn + h · pn+1
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Structure Preserving Algorithms VI

Symplectic Structure

J =
(

0 I
−I 0

)
a symplectic algorithm keeps J intact

MT JM = J
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Structure Preserving Algorithms VII

M is the Jacobian of the flow ϕ(~z, t) of an ODE
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Structure Preserving Algorithms VIII

Numerical flow ϕ(~z, [tn, tn+1]) for a mapping

~zn → ~zn+1 =
(
qn

pn

)
→
(
qn+1

pn+1

)

M =

(
∂qn+1

∂qn

∂qn+1

∂pn
∂pn+1

∂qn

∂pn+1

∂pn

)
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Structure Preserving Algorithms IX

detM = 1→ phase-space volume conserved!
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What really happens... I

Hamilton’s equations can be rewritten using Poisson’s
differential operator DH .

~̇z = {~z,H(~z)}
~̇z = DH~z

with

~z =
(

~q

~p

)
DH = { , H}
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What really happens... II

Poisson brackets

{F,G} =
n∑

i=1

(
∂F

∂qi

∂G

∂pi
− ∂F

∂pi

∂G

∂qi

)
The formal solution

~z(h) = ehDH~z(0)

~z(h) = eh(DT +DU )~z(0)
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What really happens... III

ehDT ehDU = e(h(DT +DU )+h2

2
[DT ,DU ]+h3

12
([DT ,[DT ,DU ]]−...)

with

[DT , DU ] = DT DU −DUDT

expansion with coefficients ai and bi to cancel out unwanted
terms containing commutators up to O(hk+1).

eh(DT +DU ) O(hk+1)
=

k∏
i=1

eaihDT ebihDU
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What really happens... IV

OOOPS....

ehDH = eh(DT +DU )

H = T + U

ehDT ehDU = ehDH̃

solving not my origninal but a close by Hamiltonian...

H̃ = T + U +
h

2
[T, U ] +

h2

12
([T, [T, U ]]− [U, [T, U ]]) + ....
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Thank you for your attention
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