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Disks and star formation

Bill Saxton, NRAO/AUI/NSF

Disks of gas and dust are observed around young
stars for about 107 years

Disks form because of angular momentum
(conservation) , collapse from interstellar densities
n~10°cm3 to stellar densities n~10%*cm-3

Interstellar clouds: Fraction of rotational energy

compared to gravitational energy: 5 E...
Jr-l{:lucl core — 10“4% ':31'1'125_1 | |E;;;1'm-'|

M=1M, and R=0.05pc leads typically to

Jr-l{mcl core 2 9 _-
Jee = 2 = 10%em?s !
]_ _.'.nl.fr.

jc-c- — \#G:‘li{* Teq

Uniformly rotating cloud with same 3 settles to
centrifugal equilibrium at r,,~100 AU



Some Solar system values

= Masses of planets are only 0.13% compared
to the Solar mass Mg = 1.989 x1033 g

= Angular momentum of our sun:

o = kﬂﬂ-f;Riﬂ ~ 3.10% gfimﬂg_l k2 ~ 0.1

Re = 6.96 x107° cm, Q=2.9x10-°s""
(corresponding to 25 days rotation period),
k typical value for main sequence star

= Orbital angular momentum of Jupiter:

NASA/Cassini: Jupiter : - —
with shadow of Europa Jyup = MyjupyGMzagy, = 2107 gem™s™

= Small values compared to interstellar clouds,
—) substantial segregation of mass and angular
momentum necessary



Vertical hydrostatic structure (I)
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Hydrostatic equilibrium perpendicular
to the disc plane, i.e. v, =0

Gravity only due to central object
with mass M,, ignoring the disk mass

GJU* <
(?».2 + 32) (T_z + zz)]_jr'z

9. = gsinf =

|Isothermal equation of state, where
c.=C, (T) constant sound velocity

2
P=cp

Vertical density structure by simple
integration, p, equatorial density

e G M, 1 1
— xXp — — —
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Vertical hydrostatic structure (ll)

. < r-:| ™ Thindisc assumption simplifies hydrostatic

structure
Ldp G M, z 0? = Radial balance from Keplerian motion v,
pdz 2’ 2" Q) Keplerian angular velocity

. ) 2 9
. GM, %2 Q%2

\‘ ?..:] r r
K ¢. | = Vertical scale height h by ratio between
\‘4 h = O sound velocity and Keplerian angular velocity
2 /g2 leads to simpler density structure
—z=/2h . y )
p=poe 7" | = Azimutal Mach number M from velocity ratio
E B (::H _ JM_]_ _,I'M _ H_h.
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Surface density

Simplification by integration of the gas density over the vertical
direction, leads to surface density 2

Y(r,p) = f_l p(r, @, z)dz

Vertical hydrostatic equilibrium assumed:

oC L2y p2 o o
N = f}ﬂf e =2 dz Remember: f_l e dr =7
—0C

Simple relation between central density p, and surface density 2,
but quantities depend on radius, e.g. h=h(r)

Lz

= onh

Example: T=100 K (r =1 AU) yields with y=2.6 and a central
mass of 1Mg: kpT h

C

o

pm, ) . ~ 0.6km/s o 0.02




Minimum mass Solar nebula

(o0 [ e | * Hayashi (1981): lower limit of
B ISnowline E .
= F | surface density, spread each
= 1000 & ! - : .
S F | planetary mass across its orbit:
E 100%— i - ,, 3/
5 10} \ Gas ¥(r) =1.7-10° ([1 ;U]) g cm?
z ol \Sohds = |ntegration up to 30 AU yields to
01 : 10 100 0.01 Mg, comparable to other disc
T (A1) observations
= Surface density of solids, presence
of icy particles in outer disk
. ~3/2
Sro(r) = 7.1-10% cm? < 27AU
k(1) 7 ( ([IAU]) gem”  for r < 2.7TAU

Er(}rk—l—ir(y(?") — 30 - 1[}3 (




Hydrodynamic Equations

Cylindrical coordinates (r,¢, z) and
Equation of continuity:

—

i — (fg Lyy Uy, “U-':r)

dp
e

o +V-(pti) =0 | ) >

ot

1drpuy
r or

1 dpu, . Oput-

0z

r Oy

— ()

Navier-Stokes equation for a viscous fluid with kinematic
viscosity v and bulk (=second) viscosity

ou 1 v
e + (u-V)u = _EVP — Vo + v+ (5 — () V (V- i)
N, du,  w,Ou, ou,  u 1o0P 09
+ u, -+ 1 U- ¥ - _Z —
ot dr  r Jp “dz or por  Or
% N “_.‘au.w N w, Oy, N m@*u.-w Cwuy 1 OP B 1@
ot "or  r Op 0z r prdp 1oy
o, N ou., N t, Ou, N ou., 10P 00
U, — : U = —e —
ot or r Oy dz pdz 0z




Radial forces

Stationary solutions, i.e. u,=0

_up o 19P 99
r pOr Or

. < A
Yo _ ldF G M,
r p or 2

Pressure P, at ry varies locally like |P(r) = Fy (?_)

) 5 r'o
with Py = s Po

Pressure is decreasing outwards, hence u,, is always smaller
than Keplerian velocity v, e,9. n=3, h/r=0.05, ¥~r -

gy 1/2
Cs | .- .
Uy = UK (1 — n._—.j) — u, =~ 0.996 vk

Vic




Simple temperature structure

= Disk temperature reaches equilibrium on time scales shorter
than stellar evolution time scales

= Temperature: Balance between heating (viscous dissipation,
irradiation, accretion) and cooling (radiation, evaporation)

= Accreted material related to the stellar luminosity absorbed
by the disk (~1/4), i.e. the accretion rate can be estimated for
R=2Rgand L =1Lg4

GM,M 1

R 1 ) [\~ 210 M,y

= Temperature structure depends on disk geometry, can be
flat, warped or flared




Razor-thin disk ()

Flux F though a surface in the equatorial plane, assuming a
constant Intensity at the stellar surface |,

F= / I, sin @ cos ¢ dS)

/R,
) 1 _J' _)L
—7m/2<¢<7m/2 0<6<sin ( . ) dQ) = sinf dfdo

/2 sin~ (R, /1)
F=1 f cos ¢de f sin® &d9
—T /2 0
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Razor-thin disk (ll)

Integration leads to

F=1 [S’lﬂl (RT) - (RT) \/1 - (%)ZJ

Stellar surface |, related to stellar temperature: | I, = —7°*

Disk temperature

() -4 (3)-() - ()

Integration over the whole disk at both sides leads

|

(]
Ldisl{ =2 x / QFTFJT;Sde = —L*
R, 4

Taylor expansion for large radii m—)

Lisi(r) o r

—3/4
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Flared disks ()

dhy,  hy

=
dr r

Absorption height is function of distance h(r), (details in
Kenyon & Hartmann 1987),

Increased absorption of stellar radiation produces larger IR-
excess

Simplified for a central point source and for r »R,
Absorption height depends also on the opacity, i.e. h,(r) = h(r)
Equilibrium: Absorption equals emission (per unit disk area)

L,
Q. -2 ( ) Q_ = 20Tk,

4mr?
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Flared disks (ll)

Disk temperature profile

j;* 1/4 1/ 1/92
) o —1/ 4?_‘—1_;.,

dro

]:Hsk - (

Central star radiates as a black body

111%{ }%* 1/2 1/
L, = '—1’.FT{‘IR*T: %‘1 _ ( ) o 1/A

For optically thick disks we can assume a constant ratio
between hIo and h, i.e. hp~h and solve equations for a

Temperature profile for large radii in a flared disk (Kenyon
and Hartmann 1987):

e L isk(r) o r

r

—1/9
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Radiation within disks

absorption depth
of stellar photons
—-

stellar
radiation

disk interior

-
-
-
-—-—
- -
-

. Surface
47 layer

thermal

_-*" photosphere

equatorial plane

e = 1, A < 2ma
2Ta N> 9
€ — , Ta
A
—

€ v /\-—l

Dust particles are most
important opacity source

Absorption of stellar radiation
(around 1 ym), reemission at
longer wavelengths in IR

About half of the incoming flux
is radiated into space, half is
heating the disk

Radiating properties of the
dust particles determine
temperature

Opacity from Mie-theory,
particles with radius a



Dust Temperature

2 1
(Qm«c}l = 4ma Ed”ﬂ

2
Cgh{?nt = mae, F;

L, = 4TTREJT: (12}1(.‘:'1'[. — Cl‘?f‘(}(}l

9 y
Ta‘e, 5
Amrrs

0 ;
= 4?H1.“EdJT';

Ty € 1/4 R, 1/2

ex A\ o T

€x

€d

T

T4

T

T

R 2/5
()

N T, _4?0( £ ) 1

Simple calculation of the dust
temperature T, through
equilibrium between heating
(absorption) Q,,.,;and cooling
(emission) Q.

Amount of absorbed stellar
radiation €,

Dust emission coefficient &

Emission scaling according to
black body, Wien’s law

Results in simple power-law, e.g.
Feas 00l R, =2 R,

—9/5

[TAT]
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Condensation of dust

G =0H—L5

G = G(u)
Species Composition  Teong [K]
Methane CH, 41
Argon hydrate Ar.6H,O 48
Methane hydrate CH,.7H,0 78
Ammonia hydrate NH3.Hs0 131
Water ice H>0O 182
Magnetite Fe;0, 371
Troilite FeS 704
Forsterite MgoSi0y 1354
Perovskite CaTiOs3 1441
Aluminum oxide  Al;Og 1677

Lodders (2003) for P=10-4 bar

Chemical composition of the disk
difficult to calculate, chemical
elements are distributed in
different molecules, e.g. Oxygen
in CO, H,0O, Fe;O,, Mg,SiO,
Simplification: Thermodynamical
equilibrium, minimize the Gibbs
free energy G, system consists of
several phases, y; chemical
potential

E.g.: Lodders (2003) includes
2000 gaseous species and 1600
different condensates

Condensation depends basically

on temperature
17
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lonization of disks

Temperatures range in disks from a few 1000 K at the
vicinity of the star to few 10K at outer boundary

Disks are mainly neutral because even y=4.34eV for
Potassium requires T > 4000 K

Small amounts of charged particles responsible for
coupling to magnetic fields

Sources of ionization:
= Thermal ionization (Saha equation)

nn. 207 (QTTTHQEBT)E“ISP | ( X )
— w4 B S
h? P\ kT

n U
= Radioactive decay
= Energetic particles and photons (cosmic rays and X-

ray flares): 7o\ 2
o(E) =8.5-107* ([kev]) cm’




Surface density

50> 1 drXu,

= — ()
ot 7 or
Q ~ 32
—

The equation of continuity in axial
symmetry after integration over the
vertical direction

Conservation of angular momentum
with viscous transport due to torques

a_a(?"zﬂz) N A(r*Q) - rXu, ) 106G
ot or 21 Or

1

2.y o<
= 21 Er’

G =2mr-v¥r
S Or or

Viscous evolution surface density (v
kinematic viscosity)

9> 30 { 1 20(vErt/? )]
1729

ot ror Or

19



Viscosity time scales

Diffusive nature can be seen by
iIntroducing new variables

Evolution of the surface density given by
a diffusion equation with diffusion
coefficient D

ot 0X?2

L3
X = opl/? J= EE‘X
12v
=
X2
AX?
Tdiff — D

T:‘__J E -
1/

Viscous time scale over distance AX

Physical time scale for viscous disk
evolution

1, of the order of 10° years for protostellar
disks with ~ 1M

20



Solutions to the disk equation ()

Q o %—Q =0
S ' . n" = Stationary solution with viscosity
[ '\_angular velocity allows simple integration
R ‘ d(rSu, -12Q) 1 d A0
i | dr © 2mdr (QWHE? d?")
o ) o df)
a. | : ?"E"U,.}. crof) = IJ’E?"‘%{E - +C
+ | g . (r
e . = Mass accretion rate
AM = —97rS . NS
M S —Mr2Q = 25— + C
dr
1€) .
{h_ =0 = Boundary layer couples Keplerian
. disk to stellar rotation with Q,
— C=-M (R, +711)°Qnax| ® Viscous stress vanishes at R, +r,,

21



Solutions to the disk equation (ll)

Boundary layer is small compared to stellar radius, i.e.
R* + Tp = R:L
Angular velocity at boundary layer approximated by Keplerian

For a Keplerian disk (QQ~r3?) we get a steady state solution of
the disk structure with a zero torque boundary at the inner edge

M .
L—"Z=3 (1 R) —) Y~y

Sy r

Surface density scales for large radii with the kinematic viscosity

BUT: Disk can be truncated earlier by magnetic fields (e.g. at T
Tauri stars) , complex physics at the inner boundary

22



Temperature in accreting disks

= Dissipation of energy from viscous friction is given by

G dQ S /dNZ 9 i
D(r) = oy ({ ) = —2()°
'—1’FT?" {f.?“

dr

where last term is calculated in case of Keplerian velocities
= The energy is radiated away by a black body

D(r) = 0Ty, | w— T SGM M (1 _ R"‘)

lisk — .
s Smors r

= Temperature of viscous disks is independent of the kinematic
viscosity for a steady disk and for large radii > R,

T ~ ?,,—3_;"4
= Accretion rate of 10-’"Mg/yr , M~1Mg leads at 1AU: T, ~150K

23



Vertical disk structure

dP _
dz pY
F.>F,
dF. 9 5
22 02

dz 4'[}1! 2

dT SKRp
dz 16073 E:

Dissipation of gravitational energy closer to
mid-plane

Vertical temperature gradient will exist,
transport of energy by radiation or turbulence
Hydrostatic equilibrium in vertical direction
Energy generation by viscous dissipation

Radiative transport in optical thick media, kg is
the Rosseland-mean opacity, importance of
dust particles

Equation of state, e.g. adiabatic with y=7/5

Gradients to steep, transport by convection
leads to vertical adiabatic gradient

=) Detailed structure by numerical solutions

24



Mid-plane temperature

Energy dissipation assumed to located at z=0

Fz([}) — dl.l-,{—F"( )

1

Define optical depth t to the disk mid-plane | T = 51‘@115

160
_Shn:f T3dT = oT, disk f p(2)d?
4:'[7 o | 'Th 4 N f— 4 E
g Ll = 0T fy pE =0Tl | T s 1y

Viscous disks will be substantially hotter in the mid-plane

: ,1,2 « 4 3
('1}11.-,-:{) B

For 1=100: T~ 3T, important for condensation, ice on
grains, chemistry, molecules, ...

25



Angular momentum transport

Vi ™~ }‘}'}'i'. Cs

1
}‘f'}'i'. —

Nom

15 9
on, ~ 2-10" Pem?

Disk temperature independent on viscosity but
density structure as well as time scale of
evolution are determined

Physical understanding and description of
viscosity essential for disk structure and
evolution

Molecular viscosity v, and mean free path A _.:
Example: r=10 AU, n=10"2cm3, ¢,=0.5 km/s

Vi = 2.5:-10'cm”s 1

.2
1

Ty == — ‘ Ty = 3 ]-Ulﬂ years

Iy

Reynolds Number Re: Disk are highly turbulent

UL

Vm

Re = = 10
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Shakura-Sunyaev Disks

Define a turbulent or effective viscosity

Simple description of such a viscosity, based on scaling
arguements (Shakura & Sunyaev 1973)

Largest scale of an eddy is scale heigth h

Velocity of the order of sound velocity, otherwise shock
and rapid dissipation

Shakura-Sunyaev a-parameter, so-called a-disks, o<1

v = ach

Different attempts for calculating this parameter, radial
dependence of a=a(r) is unknown

Solutions of numerical computations are not satisfying
observational constraints

27



Magnetorotational instability (1)

Instability of rotating disks with M, /M, < h/r from
linear stability analysis due to Rayleigh

Keplerian disks are Rayleigh-stable, i.e. angular
momentum increases with radius

Magnetic fields provide additional degrees of
freedom, violently destabilize disks

Weakly magnetized fluids are unstable if angular
velocity decreases with radius, so-called
Magnetorotational instability (=MRI)

Keplerian disks with weak magnetic fields are MRI-
unstable

MRI requires lengthy algebra (e.g. Balbus & Hawley,
1998) due to MHD-equations

28



Magnetorotational instability (Il)

TP
3 = 72
272
5]
P = 3

MRI requires a differentially rotating disk

Small perturbations on magnetic field lines are
sheared by differential rotation

Magnetic tension separates the fluid elements by
further angular momentum transport

The MRI has large growth rates of the order of one
orbital period

Numerical simulations on the non-linear behavior of
MRI leads to a state of sustained MHD turbulence

Radial and azimuthal fluctuations in velocities can be
averaged and interpreted as a—term, connect small-
scale fluctuations to global angular momentum transfer

oo (2te BBe)

22 ; 22
C3 4T pes
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Magnetic disk winds

Y

7

. BB w1 BiB:
. — - Ur mis — =
mag 9 r.mag 30
3
Ur vis — _5?_
) s s —1
|y mag| N Bsz (f_})
|,t. JI._?.__‘;-15| B_?. B o r

Magnetic fields connect the
disk with the external medium

Torques T, On the disk
surface (per unit area) lead to a

radial inflow u, ..

Compare this velocity with the o
of MRI-generated radial inflow

The global magnetic fields are
much more efficient to reduce
the angular momentum than
internal redistribution by MRI

BUT: Topology of magnetic field
unclear, strong fields suppress
MRI and many open questions
on disk winds
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Layered disks

Photo- T~103K
evaporation

thermal
radiation

V~Cq

i neutral gas === dust

non-thermal
radiation

bound
EUV
’ atmosphere 0.1...1AU

= Magnetic fields will play important role for disk evolution
= Inner parts hot enough for thermal ionisation

Cosmic rays, X-rays and EUV can penetrate deep to provide
a level of ionization

Possible dead zone of neutral gas without coupling to
magnetic fields

31



Photoevaporation

bound Photo-
atmosphere evaporation
EUV, v
X-rays -7 V~Cs
- T~10°K

—— T~10%

r=ry

ijwind — 2;"}(?#) Cs

UV-radiation heats the disk
surface, E = hv > 13.6eV

Define a radius ry where sound
speed equals orbital velocity

G M,

22
C:

— 8 9 ﬂtlf* G N ﬁ‘U
o [f‘;f ujijm] [1[} 1{1'1'1/ "’] i

ry =

Loss of mass due to ionisation at
L0 material is unbound and
escapes

Numerical simulation lead to

1/2 1/2
ij’i:ffai:ind ~ 1.6- 10_10 L M. ‘#-TI'_l
[10418—1] [ﬂ"'f.;g;]] O

M,
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Viscous evaporation

104 £

1000 ;

LL} r\\l | |
MLl-f‘\Jl
=

100

B

10

E (g em~%)
III\\'ll\\‘frxlllllll‘\ll TT

o

0.1

0.01

0.001

0.0001 &
=

0.1

r (AU)
Clarke et al. (2001)
az 3 a 1;‘96(1’2?*1’;2) d
— = — | Yiwind(T, T
ot ror {'} or - 17 1)

Simple model with mass loss, e.g.
r=5 AU
= Disk evolves in three phases

Mass loos decouples inner
and outer disk, gap around Iy

Inner disk evolution on viscous
time scale ~10° years,
accretion on central object

Inner disk becomes optically
thin, UV-flux illuminates inner
edge of outer disk, total
dispersal within 10° years

33
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